A new method has been developed to discriminate sand from shale, from P-wave velocity, S-wave velocity, and density values obtained from elastic seismic inversion without well control. The method, based on empirical or semiempirical principles, has been tested with well data in thick Tertiary clastic columns in the Gulf of Mexico, where the input data (compressional and shear sonic logs and bulk density) are of good quality and where there is a lithology log to verify results. The method cannot be applied to gas-bearing sands. Gas sands should be separated prior to application of the method using, for instance, the V P /V S values as a criterion. A preliminary discrimination of sand from shale in areas without well control is indeed a useful exploration tool. It is also very useful in pore-pressure calculations in which, ideally, only shale points should be used to determine the normal compaction trend.
Introduction
Elastic seismic inversion is a standard procedure for estimating cubes of density, P-wave velocity, and S-wave velocity over an area of interest. It is generally accepted in the industry that the best results are obtained when there are well data over the area where the inversion is being performed. Well data help to generate an initial model and to verify inversion results. Furthermore, when there are well data, it is possible to estimate relationships among the different lithologies, V P , V S , and bulk density (or a combination of them). These relationships (which are generally probabilistic) can be extrapolated where no wells are present. An elastic inversion without well control presents a series of pitfalls, such as source-wavelet phase ambiguity and more uncertain values of V P , V S , and bulk density. In addition, of course, it is not possible under these circumstances to establish a relationship between lithology and physical properties. It will be assumed that the values of V P , V S , and density obtained by the elastic inversion are "right."
The proposed method attempts to calculate K 0 and µ 0 (the incompressibility of the solid part of the rock and the shear modulus, respectively). Both moduli should have lower values for shale, and that would be the basis for separating sand from shale. Because the number of equations is smaller than the number of unknowns, the solution is not unique. However, the existence of inequality constraints considerably reduces the possible range of values for K 0 and µ 0 .
The method discriminates only sand from shale. It is not possible to discriminate an oil sand from a water sand, and the proposed method is certainly not applicable for gas-bearing sands. The problem is that if such a discrimination were
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attempted, the incompressibility of the fluid would be an extra unknown. The shortage of equations does not allow the introduction of additional unknowns.
However, the quotient V P /V S is always a good indicator to discriminate gas sands from everything else in shallow zones. A preliminary recognition of the shallow gas sands should be carried out before the method is applied. At this stage, the method has been tested with well data alone to validate the results obtained and thus confirm the applicability of the method. In particular, the availability of resistivity, neutron, density, and gamma-ray logs in the well can produce a rather accurate lithologic column and hence allow verification of the results of the application of the method.
Theory
We will consider a rock model of which the constituents are a solid matrix and a total porosity filled with a liquid (the liquid will be water, with an incompressibility of 2.2 GPa). The solid matrix consists primarily of quartz (K 0 = 37 GPa, µ 0 = 44 GPa) and "dry" clay minerals (excluding the water adsorbed by the clay particles; this space is included in the total porosity). Table 1 summarizes the values of K 0 and µ 0 for the most common clay minerals; values are taken from several published sources.
Despite the variability of values in Table 1 , it is clear that K 0 and µ 0 of clay minerals are much smaller than K 0 and µ 0 of quartz. From K 0 and µ 0 of a composite of quartz and dry clay, we can obtain a fair idea of which rocks are clay rich (shale) and which rocks have a low clay content (clean sands). Our ultimate aim is to calculate the values of K 0 and µ 0 in all the points of the seismic-amplitude volume.
We use the following three empirical or semiempirical principles to calculate the two parameters of interest: 
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D. Marion's 1990 hypothesis, as explained in Mavko et al., 1998, p. 177-179 , speculates that the value of the weight is an intrinsic property of the rock, independent of the fluid contained in the pores, and he tested the hypothesis by measuring the elastic properties of a particular rock filled with different fluids. We will drive this hypothesis to the limit, assuming that it applies for dry rock as well (without any fluid present).
The Hashin-Shtrikman upper bound for the bulk modulus of a rock consisting of a solid matrix with bulk modulus K 0 , shear modulus m 0 , and total porosity f is given by (5) The Hashin-Shtrikman lower bound for the bulk modulus is (6) The true bulk modulus according to the model is
where q is a weight given by
For dry rock, the Marion hypothesis implies
However, for dry rock, the second term in equation 9 vanishes (because K F is equal to zero), and we finally obtain
It should be pointed out that the Marion hypothesis can function as an alternative to the Gassmann equation. The advantage of the Marion hypothesis is that it can be applied to any rock, regardless of its permeability; its disadvantage is that it is a heuristic method.
3) The critical-porosity hypothesis. This hypothesis by Nur (1992) states that for any rock, there is a critical porosity that separates the mechanical and acoustic behavior of the rock into two distinct domains. For porosities less than the critical porosity, mineral grains support the load of the overlying rocks. For porosities greater than the critical porosity, the rock behaves like a suspension, where the load is supported by the fluid. As a consequence of this hypothesis, Nur (1992) finds that (1) where V 0 is the P-wave velocity in the solid and V is the velocity in the fluid filling the pore space. The symbol ϕ stands for total porosity. We will consider the fluid to be water. Equation 1 is the familiar Wyllie equation expressed in terms of velocities rather than slowness.
The Wyllie velocity is the minimum possible velocity (Berryman, 1995) for rocks with an intergranular porosity. In Appendix A, we confirm, with the support of a very simple model, that the Wyllie velocity is the minimum possible. The actual P-wave velocity should be equal to or greater than the Wyllie velocity. Hence, we can write (2) V Pobs is the observed value of the velocity of the P wave. V F can be taken as 1500 m/s (P-wave velocity in water), whereas V 0 can be expressed as (3) where ρ 0 is the density of the solid part of the rock, which, for a mixture of quartz and dry-clay minerals, we can assume to vary between 2.64 g/c 3 and 2.70 g/c 3 . Introducing equation 3 into equation 2, we obtain constraints for the values of K 0 and µ 0 .
It should be pointed out that some models predict V P less than the Wyllie velocity. An example is the differential effective model for penny cracks with a small aspect ratio. Such a model can be ignored for the purposes of this article because it applies to a fractured medium. However, some experimental data by Krief et al. (1990) show velocities less than the Wyllie velocity in very clean sands, for porosities greater than 34%. We will have to discard those points (leaving them as "unsolved") when the calculated minimum possible velocity is greater than the observed velocity. Experiments carried out in several wells show that about 10% to 15% of the points exhibit this feature.
2) The Marion hypothesis. It is common practice to frame the effective elastic moduli of rocks between an upper and a lower boundary, which are computed, under certain assumptions, for a mixture of materials. The Hashin-Shtrikman bounds provide the narrowest range for an isotropic elastic mixture without any assumption on the geometry of the constituents. At any rate, the true value of the modulus can be expressed as
In equation 4, M is the true value of any elastic modulus, M SUP is the upper bound, M INF is the lower bound, and w is a "weight" which has a value ranging between zero and one.
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Solution
As shown above, we have a system of equations with three unknowns, two equations and an inequality constraint. The unknowns are K 0 , µ 0 , and K DRY . The density of the solid part of the rock is assumed to be known (its limits are quite narrow; a value of 2.67 g/c 3 is reasonable). Our data are V P , V S , and bulk density. From these values, we can calculate the bulk modulus of the rock, K B , and the shear modulus, µ. For instance, µ is given by ρ B V S 2 , and K B is given by ρ B V P 2 -(4/3) µ. Total porosity is also known if we assume that the density of the solid part of the rock is known:
where ρ 0 is the density of the solid part of the rock (approximately 2.67 g/c 3 ), ρ B is the observed bulk density, and ρ F is the density of the fluid (assumed to be water and equal to 1 g/c 3 ). Note that knowledge of total porosity is not diagnostic of lithology. A shale might have a large total porosity, but its effective porosity (fraction of the porosity which allows fluid flow) will be very small or negligible. In a clean sand, total porosity is approximately equal to effective porosity. A sand and a shale might have exactly the same total porosity but a very different effective porosity.
It is clear that the possible values of K DRY are greater than zero and less than K B . As a first step, we divide the interval from 0 to K B into N parts. The difference between two consecutive values of K DRY will be (K B -0)/N = ΔK DRY , and the first value to be considered for K DRY will be ΔK DRY (the subsequent value will be 2* ΔK DRY , and so forth). Hence, the steps in the calculation for each point will be 1) Set the appropriate value of K DRY =n ΔK DRY n =1,….N. 2) Calculate a value of the bulk modulus of the solid part of the rock, K 0 . By combining equations 5, 6, 8, 10, and 11, we obtain
For a given value of K DRY , this is a second-degree equation on K 0 , given by
where a, b, and c depend on known quantities taken from the previous equation. If the discriminant b 2 -4ac is less than zero, take the next value for K DRY (i.e., go to step 1).
If the calculated value of K 0 is less or equal to K B , go to step 1.
If the calculated value of K 0 is greater than 37 GPa (incompressibility of pure quartz), go to step 1.
Calculate K S (equation 5, Hashin-Shtrikman upper limit), K I (equation 6, Hashin-Shtrikman lower limit), and q (the "weight," equation 8). If q is less than zero or q is greater than one, go back to step 1. 3) Calculate µ 0 (equation 11).
If µ 0 > 44 GPa (shear modulus of pure quartz,) go back to step 1.
If µ 0 ≤ µ (bulk shear modulus), go back to step 1. 4) Calculate V WYL (combining equations 1 and 3).
If V WYL is greater than the observed V P velocity, go back to step 1. 
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beforehand whether the rock is a sand (possibly permeable) or an impermeable shale.
Results
As pointed out before, the method has been tested in a few offshore wells in the Gulf of Mexico. The age of the columns ranged between the Early Pliocene and Late Eocene. Wells had a complete set of logs, which allowed the values of both K 0 and µ 0 to be checked against a calculated lithology column (the values of V sh [shale volume] were calculated with the neutron, density, and gamma-ray logs). Note that the wells were evaluated using the V sh and the effective-porosity model, whereas in this method, we have been forced to use the total porosity model because of the paucity of equations. Nevertheless, we would expect a certain relationship among K 0 , µ 0 , and V sh . In principle, for lower values of the moduli, we would expect clay-rich rocks, which broadly correspond to high V sh values. In fact, we are using this expected relationship as a test of how well the method works. Figure 4 is an example of this relationship, where V sh is shown in abscissa and the calculated value of K 0 in ordinate. As shown in Figure 2 , the relationship between the calculated values of K 0 and K DRY for a particular depth is slightly nonlinear, which means that the true average of K 0 will not be exactly the same as the arithmetic mean of the calculated values. However, the discrepancy between the "true" mean and the arithmetic mean is so small that it can be neglected. Figure 3 corresponds to another example, in which the uncertainty in the values of K 0 is greater. In this case, the maximum possible value for K 0 is 37 GPa (incompressibility of quartz), and the minimum possible value is 26.44 GPa. The average is 31.02 GPa. In this particular case, the uncertainty in the value of K 0 is on the order of 20%, that is, (37 -31.02)/31.02). The uncertainty in the values of K 0 results from the fact that the solution of the system of equations is not unique.
It should be pointed out that Gassmann's equation has not been included in this workflow. If we had included it, the solution would have been unique because we would have three equations with three unknowns. However, the basic problem would have been that Gassmann's equation is theoretically applicable only to permeable sands. We do not know
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There is definitely a relationship between K 0 (calculated with compressional slowness [DTCO] , shear slowness [DTSM] , and density) and the shale-volume fraction (calculated with neutron, density, and gamma-ray logs), taking into account the fact that we did not use the shale/effective-porosity model to estimate K 0 . The correlation coefficient is relatively high (r = 0.64, r 2 = 0.4118, as shown in Figure 4) . However, this is just a test to investigate the viability of the method. In practical situations, there would be no wells to establish a correlation. Figure 5 is a histogram of K 0 values. Note that in the particular case of this well, the distribution is bimodal, with one mode at 20.6 GPa (clay-rich rocks with relatively high values of V sh ) and the other mode at 31.8 GPa, which we interpret to correspond to relatively clean sands.
Although there is no guarantee at all that we will always have a clearly bimodal distribution of the K 0 values, as shown in Figure 5 , we would proceed as follows to estimate the probability that a point with a given value of K 0 will be a shale:
In a practical situation, we might deal with data limited by two horizons over a subarea inside a seismic cube. We must first produce a histogram of the values of K 0 to check that there are two modes. If we assume that the whole distribution can be considered as a mixture of two normal distributions, it is relatively simple to determine the mean, variance, and proportion in the mixture of each population.
Because we have five unknowns (mean, variance, and proportion of the first population and mean and variance of the second population; the proportion of the second population is simply 1 minus the proportion of the first), we can write down a system of five equations, with the kth equation given by
where µ k is the kth moment about the origin of the whole population (and calculated from the data, , where N is the total number of data points); α 1 is the proportion of population 1 in the mixture; and µ 1k and µ 2k are the kth moments about the origin of the first and second populations, respectively.
Because the two populations are assumed to be normal, the third, fourth, and fifth moments about the origin can be expressed as functions of the first two moments. This is the reason why we have only five unknowns. The system of equations is nonlinear but can be solved in several ways, which are beyond the scope of the article.
Once in possession of these five parameters, we can calculate the probability that a point with a given value of K 0 will be shale, by means of In this formula, we are assuming that population 1 corresponds to shale and f 1 and f 2 are the probability density functions for both populations, respectively, evaluated at a specific value of K 0 . It is implicit in this approach that we believe that the lower mode corresponds to clay-rich rocks and the higher mode corresponds to relatively clean sands. Incidentally, we are not taking into account in this simple approach the actual uncertainty of the calculated values of K 0 . However, if we did (in fact, for each point in the cube, we could evaluate the standard deviation of the possible values of K 0 ; cf. Figures 2 and 3) , the problem would become very complex computationally. Considering all the uncertainties we are dealing with, a rigorous approach might not be worthwhile.
Thus, in the previous example, we have seen how it is possible, under favorable conditions, to discriminate between sand and shale, albeit probabilistically. It is possible, on the other hand, to have a unimodal and skewed distribution of K 0 values. More often than not, shale is the predominant lithology in the stratigraphic column, so we can assume that the observed mode corresponds to clay-rich rocks. Taking a more or less arbitrary interval centered in the observed mode, one at least can say, "Most probably, these points are shale."
The information furnished by the shear modulus of the solid part of the rock (µ 0 ), which is a by-product of the calculations, might assist in the discrimination of sand and shale as well. Figure 6 shows the logs of the well in question over an interval of 125 m. The rightmost track shows the calculated lithology (evaluated with neutron, density, and gamma-ray logs). On the second track from the right, the calculated values of K 0 and µ 0 are shown (the former is shown by the black curve, the latter by the red one). Both curves increase to the left. Note that there is a good correspondence between the values of the elastic parameters and the shaliness of the rock.
This discrimination between sand and shale is important for exploration, but it is also important in pore-pressure studies. A fundamental part of these studies is to produce for each trace in a seismic cube a "normal compaction trend." Ideally, only shale points should be included in the trend. However, when dealing with seismic velocities, such separation is not possible beforehand, and all lithologies are incorporated into the normal compaction trend, which is distorted to a certain degree. Figure 7 shows the well-log-derived V P as a function of the depth below rotary table which includes all the data points, irrespective of the value of K 0 (the data correspond to the same well with which the histogram in Figure 5 was prepared). Note that in Figure 7 , it is difficult to define a "normal compaction trend." Figure 8 shows the data corresponding to the same well but includes only points whose K 0 values range between 17.5 and 23 GPa. The interval was taken arbitrarily around the lowest mode, which we expect to correspond to shale (see Figure 5 ). Now the trend is clearly delineated. The data up to 4000 m have been fitted with the expression V P = SQRT(a*DEPTH + b), where a and b are empirical constants, giving a correlation coefficient r = 0.90. The high-pressure zone begins at about 4150 m, where the trend is high above the observed data. The advantage of estimating the lithology prior to tracing the "normal compaction trend" in this exercise is quite clear.
Conclusions
A method has been proposed to discriminate sand from shale with the V P , V S , and density values derived from elastic seismic inversion. It is assumed that there is no well information. The method is based on empirical principles existing in the literature. The technical innovation consists of putting all these principles together and driving one of them (the Marion hypothesis) to the limit in an attempt to solve an important problem in geophysics and rock physics. Tests carried out with well data suggest that such a discrimination, even though far from perfect, is effective. The method does not discriminate between oil and water sands and is not applicable for gas sands. However, in the case that gas sands exist, they can be identified in relatively shallow zones by means of the V P /V S quotient.
Results of this method can be applied in exploration and in pore-pressure studies, in which normal compaction trends can be determined using only shale points, thus avoiding the distortion produced by the inclusion of sands. 
R o c k p h y s i c s
Appendix A The Wyllie, or time-average, velocity as the minimum velocity If a wave travels from A to B in a composite medium, according to Fermat's principle, the traveltime will be the minimum possible (Berryman, 1995) . If we have two components, a solid matrix with proportion (1 -ϕ) and a fluid filling the pore space, with proportion ϕ, if the ray were to travel along a straight line between A and B, the effective velocity would be given by (Berryman, 1995) However, as Berryman (1995) points out, the raypath will not be straight. It will spend as much time as possible traveling through the solid (where the propagation speed is faster than in the liquid) to minimize the total time from A to B. Hence, the Wyllie velocity would be the minimum possible velocity.
We have constructed a very simple model to confirm Berryman's (1995) assertion. The model is shown in Figure A-1. A ray goes from point A (in the solid) to point B (in the liquid). The straight line AB is intersected by the interface between the two media, which forms an angle γ with AB. The length of the segment AB is equal to L. The length of segment AC is equal to L(1 -ϕ), and the length of segment CB is equal to Lϕ. The actual path of the ray is given by segments A0 and B0. The angle of incidence is i, and the refraction angle is r. This latter path will be variable depending on all the possible values of the angle γ, which might range between -π/2 and π/2. Let us define .
Then because and , we have and .
We also have .
Using these three expressions for A0, B0, and γ as functions of i to plot As can be seen, the value of, V eff . varies smoothly from V 0 = 6050 at γ = 0 to at γ = 90° and at γ = 90°. In fact, it can be shown that the same behavior occurs for all values of R and φ, provided that 0 < R < 1 and 0 < φ < 1.
However, certain models and experimental data suggest that this is not an absolute truth (although it is strictly true for the model just presented). Because of the importance of the Wyllie constraint in this methodology, we will have a quick look at these discrepancies. Figure A-3 shows a comparison of V P for clean sands according to the Wyllie equation and the Krief et al. (1990) correlations, respectively. The Krief et al, (1990) correlations are based on experimental data and are
, with m(φ) = 3/(1-φ).
As pointed out by Mavko and Mukerji (2000) , these correlations satisfy by default the consequence of the critical-porosity hypothesis, that is, K DRY /µ = K 0 /µ 0 for all the porosity values. However, an inspection of Figure A-3 shows that the Wyllie velocity is less than the Krief-derived velocity (K B has been calculated using the Gassmann equation) only up to a porosity of 34.5%.
The critical-porosity hypothesis predicts that for porosities less than the critical, the solid part of the rock is load bearing, whereas for porosities greater than or equal to the critical, the rock behaves like a suspension, with fluids bearing the load. In the latter case, the Hashin-Shtrikman lower bound describes the velocity of the P-waves (S-waves should not be transmitted in such a medium), and such a velocity is certainly less than the Wyllie velocity. Mavko et al. (1998) suggest that the critical porosity for sands is about 40%. We might speculate that when the porosity is less than the critical, the assumption that the Wyllie velocity is the minimum possible holds, whereas this statement breaks down for porosities greater than the critical.
The discrepancy here is that according to the Krief et al. (1990) experimental data, the critical porosity of clean sandstones should be about 34.5% (see Figure A-3) , which is somewhat less than the critical porosity according to Mavko et al. (1998) , which was about 40%, as stated above. At any rate, for a large range of porosities, Berryman's (1995) principle seems to work fairly well, but there could be problems in very shallow zones, where porosity could be greater than the critical. It should be noted that the critical porosity of a shaley sand might be quite variable, depending on the texture of the rock. 
